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GENERIC ABSENCE OF FINITE BLOCKING FOR
INTERIOR POINTS OF BIRKHOFF BILLIARDS
THOMAS DAUER AND MARLIES GERBER
Abstract. Let x and y be points in a billiard table M = M(σ)
in R2 that is bounded by a curve σ. We assume σ ∈ Σr with
r ≥ 2, where Σr is the set of simple closed Cr curves in R2 with
positive curvature. A subset B of M \ {x, y} is called a blocking
set for the pair (x, y) if every billiard path in M from x to y passes
through a point in B. If a finite blocking set exists, the pair (x, y)
is called secure in M ; if not, it is called insecure. We show that
for σ in a dense Gδ subset of Σr with the C
r topology, there exists
a dense Gδ subset R = R(σ) of M(σ) ×M(σ) such that (x, y) is
insecure in M(σ) for each (x, y) ∈ R. In this sense, for the generic
Birkhoff billiard, the generic pair of interior points is insecure. This
is related to a theorem of S. Tabachnikov [20] that (x, y) is insecure
for all sufficiently close points x and y on a strictly convex arc on
the boundary of a smooth table.
1. Introduction
Consider a compact plane region M = M(σ) (“table”) bounded by
a simple closed curve σ. A billiard is the dynamical system consisting
of this table and a point mass that moves within the table at unit
speed along line segments whose endpoints are on the boundary. At
the boundary, the direction of motion changes instantaneously, so that
the angle of incidence equals the angle of reflection. The trajectory of
the point mass during a given time interval is called a billiard path.
We say that a set B ⊂M \ {x, y} is a blocking set for a pair of points
(x, y) ∈ M ×M if every billiard path from x to y passes through a
point of B. If a finite blocking set exists, the pair (x, y) is called secure;
if not, it is called insecure. For example, if the boundary of M is an
ellipse with foci x and y, then (x, y) is insecure. In particular, if the
boundary is a circle with center C, the pair (C,C) is insecure, but for
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z ∈M with z 6= C, (C, z) is secure. A table is called secure if each pair
of points in the table is secure; if not, the table is called insecure.
It is an open problem to characterize secure billiard tables, even in
the case of polygonal tables (see the survey [9] by E. Gutkin). In 2004,
T. Monteil [16] showed that there exists a rational billiard table (i.e., a
polygonal billiard table in which all angles are rational multiples of pi)
that is insecure, contradicting some earlier work in this area. According
to Gutkin [8], for a regular n-gon to be secure, it is necessary and
sufficient that n = 3, 4, or 6. The proof of necessity is deep and is
based on earlier work on security in translation surfaces [7, 21, 22, 11,
12, 10]. Moreover, Gutkin [8] proved the security of polygons that are
tiled under reflection by one of the following: a triangle with angles
of 30◦, 60◦, 90◦, a triangle with angles of 45◦, 45◦, 90◦, an equilateral
triangle, or a rectangle. Gutkin’s conjecture [9] that this is a necessary
condition for a polygonal table to be secure is still open.
We consider Birkhoff billiard tables, which are defined to be convex
tables with a smooth boundary (at least C2 in the context of this
paper). The only prior result regarding security for points in such
tables seems to be the one by S. Tabachnikov [20], who showed that
for every compact billiard table M bounded by a smooth curve, in
particular a Birkhoff billiard, if x and y are sufficiently close distinct
points on a strictly convex arc of ∂M, then (x, y) is insecure. We
consider the case of points x and y in the interior of a Birkhoff billiard
table. While we do not obtain information about the security of any
specific pair of points, we show that insecurity is generic in the sense of
Baire category, that is, it holds on a residual set (which is a set whose
complement is meager). More precisely, for r ≥ 2, let Σr be the set
of simple closed Cr curves in the plane that have positive curvature
(as defined in Section 3), with the Cr topology. For any given pair of
distinct points x and y in the plane, let Σr,(x,y) be the set of curves
in Σr that enclose a region containing x and y in its interior. We
show that there exists a residual subset Ar,(x,y) of Σr,(x,y) such that
for every billiard table bounded by a curve in Ar,(x,y) the pair (x, y) is
insecure. The Kuratowski-Ulam Theorem allows us to reformulate this
as follows: There is a residual subset Ar of Σr such that for σ ∈ Ar,
insecurity holds for (x, y) in a residual subset of M(σ) ×M(σ). (See
Theorem 6.3.) For Birkhoff billiards we should allow boundary curves
of nonnegative curvature, but for our result we may assume positive
curvature, since Σr is an open dense subset of the set of simple closed
Cr curves of nonnegative curvature with the Cr topology. Thus, our
result shows that for the generic Birkhoff billiard, the generic pair of
interior points is insecure.
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In the context of compact Riemannian manifolds, the security prop-
erty (defined by replacing “billiard paths” by “geodesics”) has been
studied extensively (see section 5.6 of [9] for a summary of these results
and references). According to [4], it is expected that most Riemannian
manifolds are totally insecure, that is, all pairs (x, y) are insecure. To-
tal insecurity has been established in various settings [13, 15, 4, 1, 5].
M. Gerber and W.-K. Ku [6] proved that for any compact C∞ man-
ifold, there is a residual set of metrics for which the set of insecure
pairs (x, y) is residual. In the case of dimension two, V. Bangert and
Gutkin [1] proved that the following stronger result: All Riemannian
manifolds of genus greater than one are totally insecure, and for genus
one, a residual set of Riemannian metrics is totally insecure. (See also
the work of W. Ho [14] for related results.) Even though the result for
Birkhoff billiards in the present paper is analogous to the result for Rie-
mannian manifolds in [6], the techniques are quite different, because
Riemannian metrics can be modified anywhere within the manifold,
while our modifications can only change the boundary of the table, not
the geometry within the table.
2. Outline of Our Approach
Let r ≥ 2, and let M = M(σ) be a billiard table in R2 bounded by
a curve σ ∈ Σr, as in Section 1. We consider distinct points x and y in
the interior of M . A vertex of a billiard path from x to y is a point on
this path that lies on the boundary of M. (See Section 3 for a precise
definition of billiard paths.) To prove that the pair (x, y) is insecure, it
suffices to show that for every positive integer n, there exist n billiard
paths from x to y that have no triple intersection points except x and
y. A triple intersection point is a point at which three or more distinct
segments of the n paths meet. We include the case in which two or
more of these segments come from the same billiard path, even though
we would only need to consider the case in which all three segments
come from different paths in order to prove insecurity. The absence of
triple intersection points is part of the following definition:
Definition 2.1. Suppose there are n billiard paths from x to y in the
billiard table M. We say that these paths are in general position if the
following four conditions hold:
(1) No two paths share a vertex.
(2) No point occurs as a vertex on the same path more than once.
(3) The paths have no triple intersection points except x and y.
(4) The points x and y are not interior points of any of the n paths.
Absence of Finite Blocking in Birkhoff Billiards 4
In Theorem 5.1 we prove that for points x 6= y in the interior of M
and any positive integer n, there exists an arbitrarily small Cr pertur-
bation σn of σ bounding a table Mn such that there exist n billiard
paths from x to y in Mn that are in general position. Moreover, we
can do this in such a way that there exists a Cr neighborhood of σn in
Σr such that if σ˜ is in this neighborhood, then we still have n billiard
paths from x to y in the corresponding table M˜ that are in general
position (see Lemma 6.1). It then follows (see Corollary 6.2) that the
set Σr,(x,y), consisting of curves in Σr that bound a region containing
x and y in its interior, contains a dense Gδ subset of curves for which
the existence of n billiard paths from x to y that are in general posi-
tion holds for all n. In Theorem 6.3, we apply the Kuratowski-Ulam
Theorem (the analog for Baire Category of the Fubini Theorem), to
conclude that there is a dense Gδ subset A of Σr such that for each
σ ∈ A, the set of insecure pairs (x, y) among those pairs (x, y) such
that x and y are in the interior of the region bounded by σ contains a
dense Gδ set.
To begin the proof of Theorem 5.1, we need a method for generat-
ing a large collection of billiard paths from x to y. A polygonal path
P0P1 · · ·Pk+1 in the plane is defined to be the union of oriented line seg-
ments from Pi to Pi+1, for i = 0, . . . , k, where P0, . . . , Pk+1 are points in
R2. We fix a positive integer k and points x and y in a billiard table M,
and consider polygonal paths P0P1 . . . Pk+1 with P0 = x, Pk+1 = y, and
P1, . . . , Pk ∈ ∂M. The well-known Lemma 3.1 shows that any maximal-
length polygonal path of this type is a billiard path for M. We use this
lemma to obtain a billiard path γn+1 from x to y if we are already given
billiard paths γ1, . . . , γn from x to y that are in general position, and
we would like to obtain n + 1 paths from x to y that are in general
position. We would like the new path γn+1 to have at least one vertex
that is not a vertex of any of γ1, . . . , γn. However, even if we take k to
be very large compared to the total number of vertices of γ1, . . . , γn,
it is possible that the path γn+1 obtained from Lemma 3.1 is part of
a periodic billiard path, and the vertices of γn+1 are contained in the
set of vertices of γ1, . . . , γn. To avoid this problem, we make a small
Cr perturbation σ˜ of σ and small perturbations of γ1, . . . , γn to obtain
billiard paths γ˜1, . . . , γ˜n from x to y for the table bounded by σ˜ such
that γ˜1, . . . , γ˜n are still in general position, and, in addition, no two dis-
tinct vertices of γ˜1, . . . , γ˜n are collinear with y. This implies that there
is no periodic billiard path passing through x and y whose vertices are
a subset of the vertices of γ˜1, . . . , γ˜n. Then, if we choose k sufficiently
large, the new path γn+1 obtained from Lemma 3.1 must contain at
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least one vertex V that is not a vertex of γ˜1, . . . , γ˜n (see Lemma 5.3).
By making a further perturbation of σ˜ if necessary, as in Lemma 5.10,
we may assume that γn+1 passes through V only once. Then we are
free to modify the path γn+1 to γ˜n+1 by changing the initial angle at x,
the final angle at y, and the table near V so the part of γ˜n+1 starting
at x until it hits the table near V and the part of γ˜n+1 from near V
to the point y are joined to form a billiard path for the new table (see
Proposition 5.7). This procedure does not change the paths γ˜1, . . . , γ˜n,
and it can be done in such a way that γ˜n+1 does not have any vertices
in common with γ˜1, . . . , γ˜n. Then we can make further perturbations
of the table near the vertices of γ˜n+1 using Corollaries 5.8 and 5.9 to
obtain n+ 1 paths in general position.
3. Notation and Preliminaries
Throughout this paper we assume r ≥ 2, and we let Σr be the set
of simple closed Cr curves σ in R2 such that σ has positive curvature,
that is, its acceleration vector has a positive component in the direction
of the inward-pointing normal vector for the region enclosed by σ. Let
M = M(σ) be the compact region in R2 bounded by some σ ∈ Σr. For
convenience, we assume σ is parametrized by the circle S1 = R/Z and
the parametrization is at constant speed. For s ∈ S1, let T(s) denote
the unit tangent vector, T(s) = σ′(s)/|σ′(s)|, and let N(s) be the unit
vector perpendicular to T(s) that is inward pointing for M at σ(s).
We may assume that σ is oriented in the counterclockwise direction,
or equivalently, the pair of vectors T(s),N(s) has the same orientation
as the standard basis (1, 0), (0, 1) in R2. Note that T and N are Cr−1
functions of s. We let κ(s) denote the curvature of σ at σ(s). Then
T′(s)/|σ′(s)| = κ(s)N(s), with κ(s) > 0.
A billiard path γ(t), defined for t ∈ R, represents the position at time
t of a point mass moving within M at unit speed with elastic collisions
at ∂M. More precisely, there is a partition · · · < c−2 < c−1 < c0 < c1 <
c2 < · · · of R with c0 ≤ 0 < c1 such that for each i ∈ Z, γ|[ci−1, ci] is a
line segment in M parametrized at unit speed, γ(ci) ∈ ∂M, and
γ′−(ci) = (cosαi)T− (sinαi)N
γ′+(ci) = (cosαi)T + (sinαi)N,
where T = T(si) and N = N(si), with si ∈ S1 chosen so that γ(ci) =
σ(si); αi ∈ (0, pi) is given by αi = (γ′−(ci),T); and γ′− [γ′+] denotes
the derivative of γ from the left [right]. It follows that
(3.1) γ′+(ci) = γ
′
−(ci)− 2ProjNγ′−(ci),
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where Projwv denotes the orthogonal projection of v onto span(w).
We also consider billiard paths from a point x ∈ Int(M) to a point
y ∈ Int(M). Such a path is a billiard path γ(t) defined as above, except
the domain of γ is restricted to a compact interval [a, b], γ(a) = x, and
γ(b) = y. The points γ(ci) ∈ ∂M with ci ∈ (a, b) are called the vertices
of the path. We will refer to the segment of the path from x to the first
vertex as the initial segment , and the segment of the path from the last
vertex to y as the final segment . It is also possible for the billiard path
from x to y to simply be the segment xy, in which case there are no
vertices, and the segment xy is both the initial and the final segment.
A segment of the path that joins two consecutive vertices is called a
chord of the path.
For p ∈ Int(M), let T 1pM denote the set of all unit vectors based at p;
for p ∈ ∂M , let T 1pM denote the set of unit vectors based at p that are
inward-pointing for M (not including vectors tangent to ∂M). Vectors
in T 1pM will be written in the form (p, v), where v ∈ S1, or simply as
v if the basepoint is understood. The phase space of the billiard flow
is ∪p∈MT 1pM. For v ∈ T 1pM, the billiard flow Ψt((p, v)) := (γ(t), γ′+(t))
where γ is the billiard path such that γ(0) = p and γ′+(0) = v. The
standard section of the billiard flow is the map Φ : Γ → Γ, where
Γ := ∪p∈∂MT 1pM, and for (p, v) ∈ Γ, Φ(v) := (γ(c1), γ′+(c1)), where γ is
the billiard path with γ(0) = p and γ′+(0) = v, and t = c1 is the first
time after t = 0 such that γ(t) ∈ ∂M.
Let x, y ∈ Int(M). Denote by Lm a polygonal path P0P1 . . . PmPm+1
of maximal length, subject to the conditions P0 = x, Pm+1 = y, and
Pi ∈ ∂M for all i ∈ {1, 2, . . . ,m}. Since (P1, . . . Pm) ∈ ∂M ×· · ·×∂M ,
which is a compact set, such an Lm exists. Note that all consecutive
vertices of Lm must be distinct in order for Lm to have maximal length:
If Pi = Pi+1, then by the triangle inequality, the path L
′
m formed by
moving Pi+1 slightly away from Pi on σ has length longer than Lm. The
following well-known lemma will be useful in obtaining a collection of
distinct billiard paths from x to y.
Lemma 3.1. For m = 1, 2, . . . , and given points x, y ∈ Int(M), a
maximal-length polygonal path Lm = P0P1 . . . PmPm+1, subject to the
conditions P0 = x, Pm+1 = y, and Pi ∈ ∂M for all i ∈ {1, 2, . . . ,m}, is
a billiard trajectory.
Proof. It suffices to prove that for any points A and B in M , a polyg-
onal path AZB, with Z ∈ ∂M, of maximal length must be a billiard
path. This follows from the Lagrange multiplier principle applied to
the function f(Z) = |AZ|+ |ZB|. (See pp. 12-13 of [19].) 
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In order to study DΦ geometrically it is convenient to introduce Ck
families of oriented lines in R2, for k ≥ 1. In our application, we usually
take k = r − 1.
Definition 3.2. Let I ⊂ R be an compact interval of positive length,
and for each u ∈ I, suppose that `(u) is an oriented line in R2. For
k ≥ 1, we say that `(u), u ∈ I, is a Ck family of oriented lines if there
exist Ck functions ξ : I → R2 and v : I → S1 such that for each u ∈ I,
`(u) = {ξ(u) + tv(u) : t ∈ R}, and the orientation on `(u) is given
by v(u). The point ξ(u) and the vector v(u) are the base point and
the direction vector, respectively, of the line `(u). Such a family `(u)
is said to be non-degenerate if the following condition holds: For each
u ∈ I, if v′(u) = 0, then ξ′(u) is not a scalar multiple of v(u). (It follows
that ξ′(u) and v′(u) are not both 0.) In particular, the non-degeneracy
condition prevents the family of oriented lines `(u) from consisting of
just a single line.
If `(u) = {ξ(u)+tv(u) : t ∈ R}, u ∈ I, is a Ck family of oriented lines,
then we may consider parameter translations along each `(u) by letting
ξ˜(u) = ξ(u)+a(u)v(u), where a : I → R is Ck. Note that the definition
of non-degeneracy is satisfied by (ξ, v) if and only if it is satisfied by
(ξ, v) replaced by (ξ˜, v). Therefore the definition of non-degeneracy is
independent of parameter translations. We may also reparametrize the
family `(u), u ∈ I, as `(β(u˜)), u˜ ∈ I˜ , where I˜ is a compact interval of
positive length and β : I˜ → I is a Ck diffeomorphism. The definition
of non-degeneracy is also independent of such a reparametrization.
Definition 3.3. If `(u), u ∈ I, is a C1 family of lines parametrized by
`(u, t) = ξ(u) + tv(u), u ∈ I, t ∈ R, then the local envelope of `(u) is
defined to be f(u) = −〈ξ′(u), v′(u)〉 / 〈v′(u), v′(u)〉 wherever v′(u) 6= 0.
The point F := `(u0, f(u0)) is said to be the focusing point (in linear
approximation) for the family `(u) at u = u0. If v
′(u0) = 0, we say the
focusing point is at infinity for u = u0. (See, e.g., Section 2 of [24].)
A straightforward computation shows that the focusing point for
the family `(u) at u = u0 does not change under parameter transla-
tions along each of the `(u). Likewise, if the family `(u), u ∈ I, is
reparametrized as `(β(u˜)), u˜ ∈ I˜ , where β is as above, then the focus-
ing point for the family `(u) at u = u0 ∈ I is the same as the focusing
point for the family `(β(u˜)) at u˜ = β−1(u0) ∈ I˜ .
Lemma 3.4. Suppose `(u), u ∈ I, is a non-degenerate C1 family of
lines parametrized by `(u, t) = ξ(u) + tv(u), t ∈ R. For (u0, t0) ∈ I×R,
Absence of Finite Blocking in Birkhoff Billiards 8
D`(u0, t0) is invertible if and only if `(u0, t0) is not a focusing point at
u = u0.
Proof. The derivative of `(u, t) is given by
D`(u0, t0) = [ ξ
′(u0) + t0v′(u0) v(u0) ].
Case 1. Suppose v′(u0) = 0. Then `(u0, t0) is not a focusing point at
u = u0, and the columns of D`(u0, t0) are linearly independent, since
v(u0) is a unit vector and the non-degeneracy condition implies that
ξ′(u0) is not a scalar multiple of v(u0).
Case 2. Suppose v′(u0) 6= 0. Since 〈v′(u), v(u)〉 ≡ 0, the columns of
D`(u0, t0) are linearly dependent if and only if the orthogonal projec-
tion of ξ′(u0)+ t0v′(u0) onto v′(u0) is 0. Thus the columns of D`(u0, t0)
are linearly dependent if and only if
〈ξ′(u0) + t0v′(u0), v′(u0)〉
〈v′(u0), v′(u0)〉 = 0,
which is equivalent to `(u0, t0) being a focusing point at u = u0.

Definition 3.5. Let `(u), u ∈ I, be a Ck family of oriented lines, where
1 ≤ k ≤ r−1. Assume that the line `(u) intersects Int(M) for each u ∈
I. Suppose the lines are parametrized by `(u, t) = ξ(u) + tv(u), t ∈ R,
where ξ : I → M and v : I → S1 are Ck functions and (ξ(u), v(u)) ∈
T 1ξ(u)M, for all u, which implies that v(u) is inward pointing for M
at ξ(u) if ξ(u) ∈ ∂M. The reflected family of oriented lines, `1(u),
obtained from `(u) is defined as follows: For each u ∈ I, there are
exactly two values of t, say ta = ta(u) and tb = tb(u), where ta < tb,
such that ξ(u) + tav(u) and ξ(u) + tbv(u) are on ∂M. Let ξ1(u) =
ξ(u) + tb(u)v(u) and let v1(u) = v(u)− 2ProjN(ξ1(u))v(u). By (3.1), we
see that a billiard trajectory along the line `(u) (going in the same
direction as the orientation of `(u)) is reflected at ξ1(u) on ∂M, so that
it continues along the line `1(u) after reflection. The reflected family,
`1(u), u ∈ I, is the family of oriented lines that can be parametrized
by `1(u, t) = ξ1(u) + tv1(u), t ∈ R.
Lemma 3.6. Let M be a billiard table in R2 bounded by a curve σ ∈ Σr,
where r ≥ 2. Suppose `(u), u ∈ I, is a Ck family of oriented lines, where
1 ≤ k ≤ r − 1, and `(u) intersects Int(M) for each u ∈ I. Then the
reflected family, `1(u), of oriented lines obtained from `(u) is also C
k.
Moreover, if the family `(u) is non-degenerate, then so is `1(u).
Proof. Let ξ, ξ1, v, v1, ta, tb be as in Definition 3.5. From the inverse
function theorem and the compactness of S1 it follows that there exists
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δ > 0 such that the function ϕ : S1 × (−δ, δ)→ R2 given by ϕ(s, w) =
σ(s) + wN(s) is injective and defines a Cr−1 coordinate system on a
neighborhood Nδ := {p ∈ R2 : dist(p, ∂M) < δ}. This is a special case
of the tubular neighborhood theorem (see, e.g., [3]). The w coordinate
gives the signed distance of a point in Nδ to ∂M, with the sign chosen
so that w < 0 outside M and w > 0 in Int(M). Since ∇w = N(σ(s)) is
a Cr−1 function of s, w is a Cr function of the usual (x, y) coordinates
on Nδ. For (u, t) ∈ I×R such that `(u, t) ∈ ∂M, we have ∂(w◦`)/∂t =
〈∇w, v(u)〉 = 〈N(`(u, t)), v(u)〉 6= 0. Therefore, by the implicit function
theorem, the function tb(u), which satisfies the equation w◦`(u, tb(u)) =
0, is Ck. Hence the function ξ1 : I → ∂M defined by ξ1(u) := ξ(u) +
tb(u)v(u) is C
k. By (3.1), we have v1(u) := v(u) − 2ProjN(ξ1(u))v(u) =
v(u)− 2 〈N(ξ1(u)), v(u)〉N(ξ1(u)), which is Ck. Therefore, `1(u) is Ck.
Now assume, in addition, that `(u) is non-degenerate. Note that
`(u) can be reparametrized by `(u, t) = ξ1(u) + tv(u). Thus ξ1(u)
and v(u) satisfy the condition for non-degeneracy. We need to prove
that ξ1(u) and v1(u) also satisfy this condition. We have v
′
1(u) =
v′(u)−2 〈ξ′1(u)N′(ξ1(u)), v(u)〉N(ξ1(u))−2 〈N(ξ1(u)), v′(u)〉N(ξ1(u))−
2 〈N(ξ1(u)), v(u)〉 (N′(ξ1(u))(ξ′1(u)). Since ξ1(u) ∈ ∂M, we consider the
following two cases for each u0 ∈ I:
(1) Suppose ξ′1(u0) is a non-zero scalar multiple of T = T(ξ1(u0)).
Then ξ′1(u0) is not a multiple of v1(u0), since the line `(u0),
as well as its reflection `1(u0), intersects Int(M), which implies
that v1(u0) and T are transversal.
(2) Suppose ξ′1(u0) = 0. Then by the non-degeneracy of `(u),
v′(u0) 6= 0. The formula for v′1(u0) simplifies to
v′1(u0) = v
′(u0)− 2 〈N(ξ1(u0)), v′(u0)〉N(ξ1(u0))
= v′(u0)− 2ProjN(ξ1(u0))v′(u0)
= ProjT(ξ1(u0))v
′(u0)− ProjN(ξ1(u0))v′(u0).
Thus in the (T,N) coordinates v′1(u0) is obtained from v
′(u0)
by changing the sign of the N coordinate. Therefore v′1(u0) 6= 0.
Therefore the family `1(u) is non-degenerate.

We now give explicit formulations of the standard Ck distance be-
tween functions, families of lines, and curves. For later use, we also
include a definition of distance between oriented polygonal paths.
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Definition 3.7. If K is a compact subset of Rn and f, f˜ : K → Rm
are Ck maps, then the Ck distance between f and f˜ is defined to be
(3.2) distCk(K,Rm)(f, f˜) := sup
j∈{0,1,...,k}
sup
s∈K
|D(j)f(s)−D(j)f˜(s)|.
If `(u, t) = ξ(u)+ tv(u) and ˜`(u, t) = ξ˜(u)+ tv˜(u), u ∈ I, t ∈ R, are two
parametrized families of lines where ξ, ξ˜, v, v˜ are Ck functions, then the
Ck distance between ` and ˜` depends on the parametrizations and is
defined to be
dk(`, ˜`) := max {distCk(I,R2)(ξ, ξ˜), distCk(I,R2)(v, v˜)}.
If σ and σ˜ are simple closed Ck curves in the plane, we define the Ck
distance geometrically as follows. Let fp, f˜ : S
1 → R2 be constant
speed parametrizations of σ and σ˜, respectively, with fp(0) = p ∈ σ.
We regard S1 = R/Z to be [0, 1] with the endpoints identified and
apply formula (3.2) to fp and f˜ with K = [0, 1] :
dk(σ, σ˜) := inf
p∈σ
dk(fp, f˜).
For 0 ≤ k ≤ r, we refer to the topology on Σr induced by the metric
dk as the C
k topology on Σr.
If γ = P0P1 · · ·Pm+1 and γ̂ = P̂0P̂1 · · · P̂m+1 are (oriented) polygonal
paths in R2, as defined in Section 2, then the distance between γ and
γ̂ is
d(γ, γ̂) := max{dist(Pi, P̂i) : i = 0, . . . ,m+ 1}.
We assume that Pi, Pi+1, Pi+2 are noncollinear and P̂i, P̂i+1, P̂i+2 are
noncollinear for i = 0, . . . ,m − 1, so that the points P0, P1, . . . , Pm+1
and the points P̂0, P̂1, . . . , P̂m+1 are uniquely determined by γ and γ̂,
respectively.
The following lemma is a “perturbed” version of the first part of
Lemma 3.6.
Lemma 3.8. Let r ≥ 2, σ ∈ Σr, and M = M(σ) be the billiard table
bounded by σ. Suppose `(u, t) = ξ(u) + tv(u), u ∈ I, t ∈ R is a Ck
parametrized family of lines with 1 ≤ k ≤ r − 1 such that for each
u ∈ I the line `(u) := `(u, ·) intersects Int(M). Then for every  > 0
there exists δ > 0 such that if σ˜ ∈ Σr and ˜`(u, t) = ξ˜(u) + tv˜(u),
u ∈ I, t ∈ R is a Ck parametrized family of lines, then the family
`1(u, t) = ξ1(u) + tv1(u), obtained by reflecting `(u, t) from σ, and the
family ˜`1(u, t) = ξ˜1(u) + tv˜1(u), obtained by reflecting ˜`(u, t) from σ˜,
satisfy dk(`1, ˜`1) <  whenever dr(σ, σ˜) < δ and dk(`, ˜`) < δ. Here we
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require ξ1 and ξ˜1 to be chosen, as in the proof of Lemma 3.6, so that
ξ1(u) and ξ˜1(u) lie on the images of σ and σ˜, respectively.
Proof. We use the same notation as in the proof of Lemma 3.6, with all
objects obtained from σ˜ and ˜` in an analogous way to objects obtained
from σ and ` being given a tilde over them. Let `(u, t) = ξ(u) + tv(u)
and σ be as in the statement of the lemma. By taking δ sufficiently
small, we may assume that each ˜`(u) intersects Int(M˜). By following
the proof of Lemma 3.6, we see that for small δ, the signed distances
w˜ and w from σ˜ and σ are both defined in a neighborhood of σ, ∇w˜ =
N˜ ◦ σ˜ is Cr−1 close to ∇w = N ◦ σ, and w˜ is Cr close to w. It then
follows that the functions tb(u) and t˜b(u) obtained from the implicit
function theorem such that (w˜ ◦ ˜`)(u, t˜b(u)) = 0 = (w ◦ `)(u, tb(u)) are
Cr close. Using the procedure of Lemma 3.6 to find ξ1, ξ˜1, v1, v˜1, we see
that for sufficiently small δ, dk(`, ˜`1) < . 
4. Nonconjugacy Condition for Billiard Paths
In this section we discuss the conjugacy condition, which has proved
to be useful in the theory of billiards. (See [2] for further information
on the adaptation of this condition, as well as other related notions
from differential geometry, to the study of billiards.) In Corollary 4.3,
we present a consequence of nonconjugacy in the form that we need in
Section 5.
Let the billiard table M be as before, with boundary curve σ ∈ Σr,
where r ≥ 2.
Suppose `(u), u ∈ I, is a Ck family of oriented lines, where 1 ≤ k ≤
r − 1, such that each `(u) intersects Int(M), and ˜`(u), u ∈ I, is the
reflected family of lines as in Definition 3.5. Suppose the parametriza-
tions of `(u, t) = ξ(u) + tv(u) and ˜`(u, t) = ξ˜(u) + tv˜(u) are chosen so
that for some u0 ∈ I, ξ(u0) = ξ˜(u0), and ξ(u0) lies on σ. Let f, f˜ ∈ R
be such that F = `(u0, f) and F˜ = ˜`(u0, f˜) are the focusing points of
the families ` and ˜`, respectively, at u = u0. Let κ be the curvature of
σ at ξ(u0), and let α be the angle that v(u0) makes with the tangent
vector T to σ at ξ(u0). Then according to the mirror equation (see,
e.g., Theorem 5.28 in [19] or Lemma 1 in Section 2 of [24]),
(4.1) − 1
f
+
1
f˜
=
2κ
sinα
.
Note that sinα 6= 0 for a billiard table whose boundary has positive
curvature. In case f or f˜ is equal to ∞, we interpret 1∞ as 0. If either
of f or f˜ is 0, then the other one is also 0.
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Definition 4.1. Let p and q be points in M , and let τ be a billiard
path with initial point p, final point q, and m reflections between the
initial and final points. Let `0 be the oriented line determined by the
initial segment of τ. Then p and q are said to be conjugate along τ in
M if the following holds: There exists a non-degenerate C1 family of
lines `0(u), u ∈ I, with `0(u0) = `0 for some u0 ∈ I, such that the
families `0(u), `1(u), . . . , `m(u), where `i(u) is obtained by reflecting
`i−1(u) from ∂M (as in Definition 3.5) for i = 1, . . . ,m, are such that
`0(u) and `m(u) focus at p and q, respectively, at u = u0.
According to Corollary 4.3 below, if τ is a billiard path from p to q
for a given table such that p and q are not conjugate along τ , and we
make a small C2 perturbation of the table and a small perturbation q1
of q, then there is a unique billiard path from p to q1 in the new table
that is close to τ . For this we need the following perturbed version of
the inverse function theorem. Its proof is the same as that of the usual
inverse function theorem (see, e.g., [18]).
Lemma 4.2. Let K = B0(x0) ⊂ R2, where B0(x0) denotes the open
ball of radius 0 about some point x0 ∈ R2. Suppose f : K → R2 is
C1 and Df(x0) is invertible. Let y0 = f(x0). Then there exist η, δ > 0
and 0 <  < 0, such that for any C
1 function g : K → R2 with
distC1(K,R2)(f, g) < η, we have g one-to-one on B(x0) and Bδ(y0) ⊂
g(B(x0)).
Corollary 4.3. Let p and q be points in M = M(σ), where σ ∈ Σ2.
Let τ be a billiard path in M from p to q that makes m ≥ 0 reflections
between p and q. Assume that p and q are not conjugate along τ in
M. Let 1 > 0. Then there exist η, δ > 0 and 0 <  < 1 such that the
following implication holds: If
(1) σ˜ ∈ Σ2,
(2) d2(σ, σ˜) < η,
(3) p, q1 ∈ M˜, where M˜ = M(σ˜),
(4) dist(q, q1) < δ,
then there is a unique billiard path for M˜ starting at p and making
angle less than  with τ at p that passes through q1 after reflection
number m and before (or at) reflection number m+ 1 from ∂M˜.
Proof. If m = 0, the result clearly holds, so assume m > 0. Let
`0, `1, ..., `m be the oriented lines determined by the segments of τ .
Let `0(u) be the non-degenerate C
1 family of lines that pass through p
and whose direction vectors v(u) are such that the signed angle from
the initial tangent vector of τ to v(u) is u. For i = 1, . . . ,m, let `i(u)
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be the family of lines obtained by reflecting `i−1(u) from σ. Suppose σ˜
is a C2 perturbation of σ. Let ˜`0(u) = `0(u), and for i = 1, . . . ,m, let˜`
i(u) be the family of lines obtained by reflecting ˜`i−1(u) from σ˜. Let
t0 > 0 be such that `m(0, t0) = q. Let 0, η1 > 0 be sufficiently small
so that (p, v(u)) ∈ T 1M ∩ T 1M˜ if |u| < 0, d2(σ, σ˜) < η1, and p ∈ M˜.
(This restriction of u is only needed if p ∈ ∂M.)
Let 1 > 0. Let f(u, t) = `m(u, t) and let x0 = (0, t0).We may assume
that 1 < min(t0/2, 0). Let K := B1(x0) ⊂ (−0, 0) × (t0/2, 3t0/2),
which is contained in the domain of f. Since p is a focusing point
for `0(u) at u = 0, it follows from the nonconjugacy assumption and
Lemma 3.4 that Df(x0) is invertible. Let g(u, t) = ˜`m(u, t). By Lemma
4.2 there exist 2 ∈ (0, 1) and α > 0 such that distC1(K,R2)(f, g) < α
implies that ˜`m is one-to-one on B22(x0). By repeated application of
Lemma 3.8, there exists η2 ∈ (0, η1) such that distC1(K,R2)(f, g) < α
whenever d2(σ, σ˜) < η2.
Note that d(`m(0, t), q) ≥ 2 for t /∈ (t0 − 2, t0 + 2). Thus, there
exist  ∈ (0, 2) and η3 ∈ (0, η2) such that for |u| <  and d2(σ, σ˜) < η3,
we have d(˜`m(u, t), q) ≥ 2/2 whenever t /∈ (t0− 2, t0 + 2). By Lemma
3.8 and Lemma 4.2, there exist η ∈ (0, η3) and δ ∈ (0, 2/2) such that
if d2(σ, σ˜) < η and q1 ∈ M˜ with dist(q, q1) < δ, then there is a point
(u1, t1) ∈ B(x0) with ˜`m(u1, t1) = q1. This proves the existence of a
billiard path for M˜ with the required properties.
The point (u1, t1) is the unique point in B22(x0) with
˜`
m(u1, t1) = q1,
because ˜`m is one-to-one on B22(x0). Now suppose |u| < , t ∈ R, and˜`
m(u, t) = q1. Since d(˜`m(u, t), q) ≥ 2/2 > δ for t /∈ (t0− 2, t0 + 2), we
must have t ∈ (t0−2, t0 +2). But then (u, t) ∈ B22(x0), and therefore
(u, t) = (u1, t1), which proves the uniqueness assertion. 
5. Construction of n paths without triple intersections
As before, we let M be the compact region bounded by a curve
σ ∈ Σr, where r ≥ 2. Suppose x and y are distinct points in Int(M).
Recall that for n billiard paths from x to y in the billiard table M, we
say that the paths are in general position if the following four conditions
hold:
(GP1) No two paths share a vertex.
(GP2) No point occurs as a vertex on the same path more than once.
(GP3) The paths have no triple intersection points except x and y.
(GP4) The points x and y are not interior points of any of the n paths.
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We say that the paths satisfy the non-collinearity condition if the
following holds:
(NC) For any distinct vertices P and Q of the n paths, the points P ,
Q, and y are not collinear.
Note that condition (GP4) implies none of the n paths is perpendicular
to σ at any vertex. Moreover, if there exist n paths from x to y in
general position for each positive integer n, then (x, y) is insecure for the
billiard table M. Condition (NC) is not essential for our applications,
but it is useful to establish this condition in addition to conditions
(GP1)–(GP4) in our proof of Theorem 5.1.
We consider the billiard tableM, as well as billiard tables obtained by
perturbing the boundary of M. In this section we prove the following.
Theorem 5.1. Suppose M,σ, r, x, y are as above. Let n be a positive
integer and let  > 0. Then there exists a curve σn ∈ Σr with dr(σ, σn) <
 that bounds a region Mn still containing x and y in its interior such
that for the billiard system on Mn there are n billiard paths from x to
y that are in general position.
We proceed toward a proof of Theorem 5.1, as outlined in Section 2.
We first observe that the property of paths being in general position is
preserved under small perturbations of the paths.
Let x and y be distinct points in R2. If γ = P0P1 · · ·Pm+1 is a polyg-
onal path from x to y, i.e., P0 = x and Pm+1 = y, then we refer to
P1, . . . , Pm as the vertices of γ. (In our application γ will be a billiard
path, and P1, . . . , Pm will also be vertices in the sense of billiard paths,
i.e., they will lie on the boundary of the billiard table.) As for billiard
paths, we say that polygonal paths γ1, . . . , γn from x to y are in general
position if conditions (GP1)–(GP4) hold, and we say they satisfy the
non-collinearity condition if (NC) holds. The following lemma is easy
to verify, and we omit the proof.
Lemma 5.2. Suppose γ1, . . . , γn are polygonal paths from x to y that
are in general position. Then there exists  > 0 such that for any polyg-
onal paths γ̂1, . . . , γ̂n from x̂ to ŷ such that γ̂i has the same number of
vertices as γi and d(γi, γ̂i) <  for i = 1, . . . , n, it follows that γ̂1, . . . , γ̂n
are in general position. This result remains true if we replace “are in
general position” by “satisfy the non-collinearity condition” in both the
hypothesis and the conclusion.
In the next lemma, we show how the non-collinearity condition is
used in the proof of Theorem 5.1.
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Lemma 5.3. Let M,σ, r, x, y be as above. Suppose that γ1, . . . , γn are
billiard paths from x to y in M that satisfy the non-collinearity condi-
tion (NC). Then there exists a billiard path γ from x to y in M which
has at least one vertex V that is not a vertex of any of γ1, . . . , γn.
Proof. Let P = {P1, P2, . . . Pk} be the vertices of γ1, . . . , γn, and let N
be an integer greater than k2 − k + 1. By Lemma 3.1, there exists a
billiard path γ from x to y of the form xQ1Q2 · · ·QNy with vertices
Q1, Q2, . . . , QN . If each Qi, i = 1, 2, . . . , N, were in P then at least
two of the ordered pairs (Qj, Qj+1), j ∈ {1, 2, . . . N − 1} would be the
same. But this would imply that the path is contained in a periodic
billiard path through x and y, which is impossible due to condition
(NC). Therefore the set {Q1, Q2, . . . , QN} must include at least one
point not in P . 
Proposition 5.4 and Corollary 5.5 below allow us to avoid unwanted
conjugacies between any given pairs of points (pi, qi) along billiard
paths γi, for i = 1, . . . , n, by making a small C
r change to the table,
while γ1, . . . , γn remain billiard paths for the new table.
Proposition 5.4. Suppose r ≥ 2, P is a point on a curve σ ∈ Σr, and
σ has curvature κ at P. Given  > 0, there exists δ > 0 such that for
any κ˜ ∈ (κ − δ, κ + δ) there exists a curve σ˜ ∈ Σr such that σ˜ passes
through P , σ˜ is tangent to σ at P , the curvature of σ˜ at P is κ˜, σ˜
agrees with σ outside an -neighborhood of P , and dr(σ˜, σ) < .
Proof. Choose ν > 0 and a Cartesian coordinate system centered at
P such that the box B = {(x, y) : |x| ≤ ν, |y| ≤ ν} is contained in
the -neighborhood of P , and within this box σ is given by the graph
of a function f : [−ν, ν] → [−ν/2, ν/2] with f(0) = f ′(0) = 0 and
f ′′(0) > 0.
Let Ψ : R → R be a C∞ function such that Ψ(0) = Ψ′(0) = 0,
Ψ′′(0) 6= 0, and Ψ(x) = 0 for x /∈ (−ν, ν). For |c| sufficiently small,
the function g(x) = f(x) + cΨ(x) maps [−ν, ν] to [−ν, ν]. Let σ˜ be
the curve obtained by replacing the graph of f by the graph of g and
keeping σ˜ = σ outside B. Then σ˜ passes through P , σ˜ is tangent to σ
at P , and the curvature of σ˜ at P is κ + cΨ′′(0). There exists η > 0
such that for |c| < η, we have σ˜ ∈ Σr and dr(σ˜, σ) < . Then the result
holds with δ = η|Ψ′′(0)|. 
Corollary 5.5. Let M,σ, r be as above. Suppose the polygonal path
γ = V0V1 · · ·VmVm+1 is a billiard path for M, where p = V0 ∈ M,
q = Vm+1 ∈ M, and V1, . . . , Vm ∈ ∂M. (The points p, q are allowed to
be on ∂M.) Given  > 0, there exists σ˜ ∈ Σr bounding a table M˜ such
that dr(σ, σ˜) <  and the following conditions are satisfied:
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(1) γ is still a billiard path in M˜ ;
(2) σ and σ˜ agree outside the -neighborhoods of V1, . . . , Vm;
(3) p is not conjugate to q along γ in M˜.
Moreover, for any sufficiently small C2 perturbation ˜˜σ of σ˜ that
agrees with σ˜ to first order at each of V1, . . . , Vm, p is not conjugate
to q along γ in the table M˜ bounded by ˜˜σ.
Proof. Assume that p and q are conjugate along γ. (Otherwise, we may
take σ˜ = σ.) Let κi be the curvature of σ at Vi for i = 1, . . . ,m, and
let ρi = dist(Vi, Vi+1) for i = 0, . . . ,m. Let `0, . . . , `m be the oriented
lines along the segments of γ, that is, `i = ViVi+1, for i = 0, . . . ,m.
Parametrize `i by Vi+1 + tvi, where vi is the unit vector in the direction
of `i. Let `0(u), with u ∈ I = [−δ, δ] for some δ > 0, be the family of
lines through p with `0(0) = `0, and `0(u) making signed angle u with
`0. Suppose σ˜ = σ˜(z) is the boundary of a billiard table M˜ such that
σ and σ˜ agree to first order at V1, . . . , Vm, and σ˜(z) has curvature κiz
at Vi, for i = 1, . . . ,m. Let ˜`0(u) = `0(u), and for i = 1, . . . ,m, let˜`
i+1(u) be the family of lines obtained by reflecting ˜`i(u) from ∂M˜. Let
fi = fi(z) ∈ R ∪ {∞} be such that Vi+1 + fivi is the focusing point for˜`
i(u), u ∈ I, at u = 0. Then f0 = −ρ0, and for i = 0, . . . ,m − 1, it
follows from the mirror equation (4.1) that 
[2000]
(5.1) fi+1 =
1
1
fi
+ 2κiz
sinαi
− ρi+1,
where αi is the angle that γ makes with the tangent line to σ at the
(i + 1)st reflection. The term −ρi+1 occurs in equation (5.1) because
the origin (time t = 0) of `i+1 is taken at Vi+2 while the origin of `i
is at Vi+1. By repeated application of (5.1) we see that fm = fm(z)
is a linear fractional transformation of z, that is, it is of the form
(az + b)/(cz + d). Note that p and q are conjugate along γ within
M˜ if and only if fm(z)=0. We want to show that we may choose z
arbitrarily close to 1 so that fm(z) 6= 0. But if we take z = 0, we obtain
fm(0) = −ρ0 − ρ1 − · · · − ρm 6= 0. Therefore fm(z) is not identically
0. Thus there exists z arbitrarily close to 1 so that fm(z) 6= 0. Given
 > 0, it follows from Proposition 5.4 that for z sufficiently close to 1,
we can find σ˜ ∈ Σr such that dr(σ, σ˜) < , σ˜ agrees with σ to first order
at V1, . . . , Vm, σ and σ˜ agree outside the -neighborhoods of V1, . . . , Vm,
and the curvature of σ˜ at Vi is κiz for i = 1, . . . ,m. Thus, for z close
to 1, but not equal to 1, conditions (1)–(3) are satisfied for σ˜.
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Proof. It follows from (5.1) that non-conjugacy of p and q along γ
within M˜ is preserved when σ˜ is replaced by a small C2 perturbation˜˜σ that agrees with σ˜ to first order at V1, . . . , Vm. 
Remark 5.6. In the proof of Corollary 5.5, if one of the vertices Vi0
occurs only once on the list V1, . . . , Vm, then σ˜ could be obtained by
changing the curvature just at Vi0 . The argument that we used takes
care of the case in which each Vi0 may occur multiple times, and we
have to make sure that the effect on fm of changing the curvature at
the vertices is not canceled out during multiple passages of γ through
these vertices.
The following proposition provides a perturbation technique that will
be used repeatedly in the proof of Theorem 5.1.
Proposition 5.7. Let r ≥ 2 and σ ∈ Σr. Suppose P is a point on σ
and ` is the tangent line to σ at P . Given  > 0, there exists δ > 0
such that if P˜ ∈ R2 is such that d(P, P˜ ) < δ and ˜` is a line through P˜
that is either parallel to ` or makes angle less than δ with `, then there
exists σ˜ ∈ Σr such that σ˜ agrees with σ outside an -neighborhood of
P , σ˜ passes through P˜ with tangent line ˜` at P˜ , and dr(σ, σ˜) < .
Proof. Let  > 0. Choose ν > 0 and a Cartesian coordinate system
centered at P such that the box B = {(x, y) : |x| ≤ ν, |y| ≤ ν} is
contained in the -neighborhood of P , and within this box σ is given by
the graph of a function f : [−ν, ν]→ [−ν/2, ν/2] with f(0) = f ′(0) = 0
and f ′′(0) > 0. Suppose that in this coordinate system P˜ = (a, b) and˜`has slope m.
Let Ψ1 : R → R be a C∞ function such that Ψ1(x) = 0 for all
x /∈ (−ν/2, ν/2), Ψ1(0) = 1, and Ψ′1(0) = 0. Let ψ2 : R → R be a
C∞ function such that ψ2(0) = 1,
´ 0
−ν/2 ψ2(x) dx =
´ ν/2
0
ψ2(x) dx = 0,
and ψ2(x) = 0 for x /∈ (−ν/2, ν/2). Let Ψ2 : R → R be defined by
Ψ2(x) =
´ x
−∞ ψ2(u) du. Then Ψ2(0) = 0, Ψ
′
2(0) = 1, and Ψ2(x) = 0 for
x /∈ (−ν/2, ν/2).
Define a function Ψ : [−ν, ν]→ R by
Ψ(x) = (b− f(a))Ψ1(x− a) + (m− f ′(a))Ψ2(x− a).
If |a| < ν/2, then Ψ vanishes in a neighborhood of the boundary of
[−ν, ν]. For any η > 0, since f is C1 there exists δ = δ(η) > 0 such
that max(|a|, |b|, |f(a)|, |f ′(a)|, |m|) < η whenever d(P, P˜ ) < δ and `
and ˜`are either parallel or meet at an angle less than δ.
For η sufficiently small, the function g(x) = f(x)+Ψ(x) maps [−ν, ν]
to [−ν, ν]. Let σ˜ be the curve obtained by replacing the graph of f by
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the graph of g and keeping σ˜ = σ outside B. Since g(a) = b and
g′(a) = m, we see that σ˜ passes through P˜ and has tangent line ˜`at P˜ .
Moreover, if η is sufficiently small, then σ˜ ∈ Σr and dr(σ, σ˜) < . 
Corollary 5.8. Consider a billiard path APA1 in the table M with
boundary σ ∈ Σr, for r ≥ 2, where A,A1 ∈ Int(M) and P ∈ ∂M. For
any  > 0, if P˜ is a point on either of the segments AP or PA1 and is
sufficiently close to P , there exists σ˜ ∈ Σr with dr(σ, σ˜) <  such that
AP˜A1 is a billiard path for the table with boundary σ˜. (See Figure 1.)
Proof. Let ` be the tangent line to σ at P. Then ` is perpendicular
to the angle bisector of (APA1). If P˜ on AP or PA1 is sufficiently
close to P, then the line ˜` that is perpendicular to the angle bisector
of (AP˜A1) makes a small angle with `. Then we apply Proposition
5.7. 
Corollary 5.9. Let APQB be a billiard path in the table M with bound-
ary σ ∈ Σr, for r ≥ 2, where A,B ∈ Int(M) and P,Q ∈ ∂M. For any
 > 0, if P˜ is a point on the line AP and is sufficiently close to P , then
there exists σ˜ ∈ Σr bounding a table M˜ such that dr(σ, σ˜) < , σ˜ agrees
with σ outside -neighborhoods of P and Q, and AP˜Q˜B is a billiard
path for M˜ , where Q˜ is the point where the line through P˜ parallel to
PQ intersects the line BQ. (See Figure 2.)
Proof. In order for AP˜Q˜B to be a billiard path, the tangent lines to σ˜
at P˜ and Q˜ need to be perpendicular to the angle bisectors of AP˜Q˜ and
P˜ Q˜B, respectively. If P˜ is sufficiently close to P , then Q˜ is sufficiently
close to Q that the angle bisectors of AP˜Q˜ and P˜ Q˜B are close to
the angle bisectors of APQ and PQB, respectively. Thus σ˜ can be
obtained by applying Proposition 5.7 twice. 
Lemma 5.10. Let r ≥ 2, σ ∈ Σr, and M = M(σ) be as above. Let
x and y be distinct points in Int(M). Suppose γ1, . . . , γn+1 are billiard
paths in M from x to y such that γ1, . . . , γn are in general position, and
γn+1 has at least one vertex V that is not a vertex of any of γ1, . . . , γn.
Then given  > 0 there exists σ˜ ∈ Σr with dr(σ, σ˜) <  such that for the
table M˜ bounded by σ˜, we have x, y ∈ Int(M˜), and there are billiard
paths γ˜1, . . . , γ˜n, γ˜n+1 from x to y satisfying the following conditions:
(1) d(γi, γ˜i) <  for i = 1, . . . , n+ 1,
(2) γ˜1, . . . , γ˜n are in general position,
(3) γ˜n+1 has a vertex V˜ with dist(V, V˜ ) < , where V˜ is not a vertex
of any of γ˜1, . . . , γ˜n,
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(4) γ˜n+1 passes through V˜ only once, and
(5) γ˜n+1 is not perpendicular to σ˜ at any of its vertices.
Proof. Let  > 0. By Corollary 5.5, we may assume that x and y are not
conjugate along any of γ1, . . . , γn, and V is not conjugate to itself along
any path contained in γn+1. We will assume  is sufficiently small so
that d(γi, γ̂i) <  for i = 1, . . . , n implies that V is not a vertex of any of
γ̂1, . . . , γ̂n; and, in addition, by Lemma 5.2, d(γi, γ̂i) <  for i = 1, . . . , n
implies that γ̂1, . . . , γ̂n are in general position. Thus condition (2) will
follow from condition (1) for i = 1, . . . , n. Also, condition (3) will follow
from condition (1) for  sufficiently small. By Corollary 4.3 and Lemma
3.8, there exists δ > 0 such that for any i ∈ {1, 2, . . . , n}, any σ̂ ∈ Σr
with d2(σ, σ̂) < δ, and any y1 ∈ M̂ with dist(y, y1) < δ, where M̂ is the
region bounded by σ̂, there exist billiard paths γ̂i for M̂ from x to y1
with d(γi, γ̂i) < . We may assume that δ is sufficiently small so that
whenever dist(y, y1) < δ and dr(σ̂, σ) < /2, the curve σ˜ obtained from
σ̂ by applying the composition of a homothety (uniform expansion or
contraction) centered at x and a rotation of the plane centered at x
such that y1 gets mapped to y satisfies dr(σ˜, σ) < .
Given 0 < η < /2, there exists α0 > 0 such that for |α| < α0, Propo-
sition 5.7 provides a Cr perturbation σα of σ such that: dr(σ, σα) < η;
σα agrees with σ outside a small neighborhood of V that is chosen suf-
ficiently small that it contains no vertex of γn+1 other than V and it
contains no vertices of γ1, . . . , γn; V lies on σα; the tangent line at V for
σα is obtained by rotating the tangent line at V for σ by angle α in the
counterclockwise direction; and the table Mα bounded by α contains x
and y in its interior. Let γn+1,α be the billiard path for Mα obtained
by starting with the initial part of γn+1 from x to the first occurrence
of V along γn+1 and then continuing from V with the same number
of reflections as the number of reflections γn+1 has after the first oc-
currence of V . Note that the signed angle from the tangent vector of
γn+1 to the tangent vector of γn+1,α at the time that these paths leave
V for the first time is 2α. We end γn+1,α after the last reflection at a
point y1 in Mα that is as close as possible to y. Suppose γn+1 passes
through V the first time at reflection number k1, the second time at
reflection number k2, etc., up to the sth time at reflection number ks,
where we count the reflections starting with the first reflection after x.
By Corollary 4.3, we may assume that α0 and η are sufficiently small so
that there are unique angles α1, . . . , αs with |αj| ≤ α0 such that γn+1,α
passes through V at reflection number kj for j = 1, . . . , s. We may also
assume that α0 and η are sufficiently small so that for |α| < α0, we
have d(γn+1,α, γn+1) < δ, and, in addition, d(γn+1,α, γn+1) is sufficiently
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small so that γn+1,α does not pass through V at the ith reflection for
i /∈ {k1, . . . , ks}. For the rest of the proof, we fix a choice of α with
|α| < α0 such that α /∈ {α1, . . . , αs} and γn+1 is not perpendicular to
the tangent line to σα at V at the first time that γn+1 visits V. Let
γ̂n+1 = γn+1,α, M̂ = Mα, and σ̂ = σα. Then dr(σ̂, σ) < η < /2. Since
d(γ̂n+1, γn+1) < δ, the final endpoint y1 of γ̂n+1 satisfies dist(y1, y) < δ.
Let γ̂1, . . . , γ̂n be paths in general position from x to y1 for the billiard
table bounded by σ̂ that we obtain from the first paragraph of the
proof. Then γ̂1, . . . , γ̂n do not pass through V, γ̂n+1 passes through
V exactly once, and γ̂n+1 is not perpendicular to σ̂ at V. We may
assume that γ̂n+1 is not perpendicular to σ̂ at any vertex other than
V, because if it were, we could avoid this by replacing γ̂n+1 by the
shortest path within γ̂n+1 that starts at x, ends at y1, and contains
V. We have now achieved everything required, except that the paths
γ̂1, . . . , γ̂n+1 end at y1 instead of y. By the choice of δ in the first
paragraph, if we apply the composition of a homothety and a rotation,
both centered at x, so that y1 is sent to y, then σ̂ is mapped to a curve
σ˜ with dr(σ˜, σ) < , the billiard paths γ̂1, . . . , γ̂n+1 for M̂ get mapped
to billiard paths γ˜1, . . . , γ˜n+1 for the billiard table M˜ bounded by σ˜,
and V is sent to a vertex V˜ of γ˜n+1. Then γ˜1, . . . , γ˜n+1 and V˜ satisfy
conditions (1)–(5). 
We now complete the proof of the main result of this section.
Proof of Theorem 5.1. If n = 1, we can take γ1 to be the segment xy.
Then γ1 has no vertices, and conditions (GP1)–(GP4) and (NC) are
clearly satisfied with σ1 = σ.
Let  > 0, and let (k)
∞
k=1 be a sequence of positive numbers with
sum less than . Assume n is a positive integer, σn ∈ Σr, dr(σ, σn) <
1 + 2 + · · ·+ n−1, and we have n billiard paths γ1, . . . , γn in the table
Mn bounded by σn that satisfy conditions (GP1)–(GP4) and (NC). For
the inductive argument, we will show that there exists σn+1 ∈ Σr with
dr(σn, σn+1) < n such that there are n + 1 billiard paths in the table
Mn+1 bounded by σn+1 that satisfy conditions (GP1)–(GP4) and (NC).
Each of the finitely many perturbations that we will make in obtaining
Mn+1 from Mn can be made arbitrarily small in the dr metric.
By Lemma 5.3 and Lemma 5.10, there exists a new table M˜n on
which there are paths γ˜1, . . . , γ˜n, γn+1 such that γn+1 has a vertex V
that is not a vertex of any of γ˜1, . . . , γ˜n and such that γn+1 passes
through V only once and is not perpendicular to the boundary of M˜n
at any vertex. In applying Lemma 5.10, γ˜1, . . . , γ˜n can be chosen as
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close to γ1, . . . , γn as we like, and therefore by Lemma 5.2 we may
assume that γ˜1, . . . , γ˜n still satisfy (GP1)–(GP4) and (NC).
Next, we describe a perturbation of the table in a small neighbor-
hood of V (that does not contain any vertices of γ˜1, . . . , γ˜n) and a
perturbation γ˜n+1 of γn+1 such that γ˜n+1 is a billiard path on the per-
turbed table and such that γ˜1, . . . , γ˜n, γ˜n+1 satisfy condition (GP1) on
the perturbed table. We may assume the neighborhood of V where this
perturbation takes place is small enough that γ˜1, . . . , γ˜n are unchanged.
To obtain (GP1), it suffices to ensure that γ˜n+1 does not pass through
any vertices of γ˜1, . . . , γ˜n. Suppose there exist vertices of γ˜1, . . . , γ˜n
that occur in γn+1. (If no such vertices exist, we are finished with con-
dition (GP1).) We may label these vertices so that P1, . . . , Pk occur
along γn+1 between x and V , and Pk+1, . . . , P` occur between V and y.
Now by Corollary 5.5 we may assume that M˜n is constructed so that x
and Pi are not conjugate along γn+1 for i = 1, . . . , k, and Pi and y are
not conjugate along γn+1 for i = k + 1, . . . , `. Therefore, by Corollary
4.3 there exists a billiard path τx starting at x with initial direction
making a small but nonzero angle with that of γn+1 and ending at the
boundary of M˜n near V that avoids P1, . . . , Pk. Similarly, there exists
a billiard path τy starting at y with initial direction making a small but
nonzero angle with that of −γn+1 and ending at the boundary of M˜n
near V that avoids Pk+1, . . . , P`. Since γn+1 is not perpendicular to the
boundary of M˜n at V , the lines containing the segments of γn+1 with
endpoint V intersect transversely at V. Therefore the final segments of
the paths τx and τy, possibly slightly extended beyond M˜n, intersect
at some point V˜ near V , and we end these final segments at V˜. The
angle bisector of the final segments of τx and τy is arbitrarily close to
the angle bisector of the segments of γn+1 that have V as an endpoint.
By Proposition 5.7, we can now make a small Cr perturbation of the
table in a small neighborhood of V so that the paths τx and −τy can be
joined at V˜ to form a billiard path γ˜n+1 for the new table, which we call
M˜n, and γ˜n+1 avoids the vertices of γ˜1, . . . , γ˜n. This perturbation does
not affect γ˜1, . . . , γ˜n. Therefore γ˜1, . . . , , γ˜n+1 satisfy condition (GP1)
for M˜n. Moreover, γ˜n+1 passes through V˜ only once and γ˜n+1 is not
perpendicular to the boundary of M˜n at any vertex.
Now we want to satisfy condition (GP2). Suppose γ˜n+1 passes through
a vertex P 6= V˜ more than once. By condition (GP1), P is not a vertex
of any of γ˜1, . . . , γ˜n. Then we can replace V by P in Lemma 5.10 and
obtain a small Cr perturbation of the boundary of the table, and small
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perturbations of γ˜1, . . . , γ˜n+1 maintaining condition (GP1) for the n+1
paths, maintaining conditions (GP2)–(GP4) and (NC) for the first n
paths, and having the (n + 1)st path go through a vertex P˜ near P
only once. This procedure can be repeated until the (n + 1)st path
goes through each vertex only once. Note that the procedure ends af-
ter finitely many steps because the number of reflections made by the
(n + 1)st path is unchanged by these perturbations. Thus we obtain
condition (GP2) for paths γ̂1, . . . , γ̂n+1 on a table M̂n. Again, we may
assume that γ̂n+1 is not perpendicular to the boundary of M̂n at any
vertex.
We now proceed to achieve conditions (GP3)–(GP4). A segment η
of γ̂n+1 can cause a violation of condition (GP3) or (GP4) by passing
through any of the following (finitely many) points: (i) an intersection
point (other than x or y) of two segments of γ̂1, . . . , γ̂n; (ii) an inter-
section point (other than x or y) of one of γ̂1, . . . , γ̂n and a segment of
γ̂n+1 different from η; (iii) an intersection point (other than x or y) of
two distinct segments of γ̂n+1 other than η; (iv) x (if η is not the initial
segment of γ̂n+1); and (v) y (if η is not the final segment of γ̂n+1). If
such a violation occurs, then we can apply Corollary 5.9 if η is a chord
of γ̂n+1 and Corollary 5.8 if η is an initial or final segment of γ̂n+1 in
order to avoid these violations of conditions (GP3)–(GP4). This can
be done while maintaining conditions (GP1)–(GP2) for γ̂1, . . . , γ̂n and
the perturbed version of γ̂n+1, and avoiding any new violations of con-
ditions (GP3)–(GP4). This procedure can be done to each segment of
γ̂n+1 that causes a violation of conditions (GP3)–(GP4). We can there-
fore achieve conditions (GP3)–(GP4) for a new table M̂n, a perturbed
version ̂̂γn+1 of the (n+ 1)st path, and the same paths γ̂1, . . . , γ̂n.
Since condition (NC) is already satisfied for γ̂1, . . . , γ̂n, any violation
of condition (NC) for the n + 1 paths γ̂1, . . . , γ̂n, ̂̂γn+1 on M̂n would
mean there exist distinct vertices p, q of γ̂1, . . . , γ̂n+1 that are collinear
with y, where p is a vertex of γ̂n+1. Note that the segment pq cannot
be a chord of γ̂n+1, because then condition (GP4) would be violated.
If p is not an endpoint of the final segment of γˆn+1, then we can apply
Corollary 5.9 to a chord through p to obtain a perturbed version of
γ̂n+1 so that the new vertex near p is not collinear with y and q. If p is
an endpoint of the final segment of γ̂n+1, then we can apply Corollary
5.8 to achieve this result. Again, all perturbations can be done while
maintaining conditions (GP1)–(GP4) and not introducing any new vi-
olations of condition (NC). The paths γ̂1, . . . , γ̂n and the perturbed
version of ̂̂γn+1 are then labeled γ1, . . . , γn+1 and the perturbed version
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of M̂n is labeled Mn+1. Thus conditions (GP1)–(GP4) and (NC) are
satisfied for γ1, . . . , γn+1 on Mn+1.
The boundary σn+1 of Mn+1 is in Σr and can be chosen to satisfy
dr(σn, σn+1) < n since we made arbitrarily small C
r perturbations of
the boundaries of the tables at each step in the proof. 
6. The Main Result: Generic Insecurity
Let Σr and dr be as described in Section 3, and assume r ≥ 2. Then
Σr is a dense open subset of the complete metric space (Σ
0
r, dr), where
Σ0r is the set of simple closed C
r curves in the plane with nonnegative
curvature. Thus, by the Baire Category Theorem, in the Cr topology
the intersection of countably many dense open subsets of Σr is dense
in Σr. Theorem 6.3 contains the generic insecurity result described in
Section 1. In fact, we prove slightly more: the set A in Theorem
6.3 is not just a dense Gδ subset of Σr in the C
r topology—it is the
intersection of countably many sets that are C2 open and Cr dense in
Σr.
Lemma 6.1. Let σn ∈ Σ2 and suppose x and y are distinct points in
the interior of the table Mn bounded by σn. Assume there exist n billiard
paths γ1, . . . γn for Mn from x to y that are in general position, and x
and y are not conjugate along any of these paths. Then there exists an
open neighborhood N of σn in Σ2 with the C2 topology such that for
every σ̂ ∈ N , x and y are still in the interior of the table M̂ bounded
by σ̂, and there exist n billiard paths γ̂1, . . . , γ̂n for M̂ from x to y that
are in general position.
Proof. Let  > 0 be as in Lemma 5.2. Then it suffices to show that
there exists a C2 open neighborhood N of σn in Σ2 such that for all
σ̂ ∈ N , there exist billiard paths γ̂1, . . . , γ̂n for the table M̂ bounded
by σ̂ from x to y such that γ̂i has the same number of vertices as γi and
d(γi, γ̂i) <  for i = 1, . . . , n. Fix a choice of i ∈ {1, . . . , n}, and let ki
be the number of vertices of γi. It follows from Lemma 3.8 that there
exists αi > 0 and a C
2 open neighborhood N̂i of σn such that for any
billiard path γ̂i for any σ̂ ∈ N̂i that starts at x making angle less than
αi with γi at x, the first ki vertices of γ̂i are within distance  of the
corresponding vertices of γi. Moreover, by Corollary 4.3, if Ni ⊂ N̂i is
a sufficiently small C2 open neighborhood of σn, then for σ̂ ∈ Ni there
exists a billiard path γ̂i starting at x and making angle less than αi with
γi at x such that γ̂i ends at y after ki reflections. Thus N := ∩ni=1Ni is
the desired neighborhood of σn. 
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Corollary 6.2. Given two distinct points x and y in R2, let Σ(x,y),r
be the set of curves σ in Σr such that x and y are contained in the
interior of the table bounded by σ. Then there exists a dense Gδ subset
A(x,y),r of Σ(x,y),r in the C
r topology such that for every τ ∈ A(x,y),r and
every positive integer n there exist n billiard paths from x to y for the
table M(τ) bounded by τ that are in general position. In particular, for
every τ ∈ A(x,y),r, the pair (x, y) is insecure for M(τ). The set A(x,y),r
may be chosen to be an intersection of countably many C2 open and Cr
dense subsets of Σ(x,y),r.
Proof. Let n be a positive integer,  > 0, and σ ∈ Σ(x,y),r. By Theorem
5.1, there exists σn ∈ Σ(x,y),r with dr(σ, σn) <  such that there exist
n billiard paths γ1, . . . , γn from x to y for the table bounded by σn
that are in general position. By Corollary 5.5, we may assume that
x and y are not conjugate along any of γ1, . . . , γn in the billiard table
bounded by σn. Now by Lemma 6.1 there exists a C
2 neighborhood
N = N (σ, n, ) of σn in Σ(x,y),r such that for every σ̂ ∈ N there are n
billiard paths for M(σ̂) from x to y that are in general position. Then
A(x,y),r := ∩∞n=1 ∪>0 ∪σ∈Σ(x,y),rN (σ, n, ) is a dense Gδ subset of Σ(x,y),r
satisfying the conclusion of the Corollary. 
For k = 2 or r, we refer to the product topology on Σ0r × R2 × R2
obtained from the Ck topology on Σ0r and the usual topology on R2×R2
as the Ck topology. The Cr topology on Σ0r ×R2 ×R2 is the topology
of a complete metric space.
Theorem 6.3. For r ≥ 2 there exists a dense Gδ subset A of Σr in the
Cr topology such that if σ ∈ A and M(σ) is the billiard table bounded
by σ, then there is a dense Gδ subset R(σ) of M(σ) ×M(σ) with the
topology induced from R2 × R2 such that for each (x, y) ∈ R(σ) and
each positive integer n, there are n billiard paths for M(σ) from x to y
that are in general position. In particular, every pair (x, y) ∈ R(σ) is
insecure for M(σ). The set A may be chosen to be an intersection of
countably many C2 open and Cr dense subsets of Σr.
Proof. Consider Σr×B, where B = {(x, y) ∈ R2×R2 : x 6= y}, with the
Cr topology induced from Σ0r×R2×R2. Let G = {(σ, (x, y)) ∈ Σr×B :
x and y do not lie on σ} and let G0 = {(σ, (x, y)) ∈ Σr × B : (x, y) ∈
Int(M(σ))× Int(M(σ))}. Then G is a C2 open and Cr dense subset of
Σ0r ×R2 ×R2, and G \ G0 is C2 open. If (σ, (x, y)) ∈ G0, then as in the
proof of Corollary 6.2, if we are given  > 0 and a positive integer n,
there exist σn ∈ Σr with dr(σ, σn) <  and a C2 open neighborhood
N = N (σ, n, , (x, y)) of σn in Σr such that for every σ̂ ∈ N there exist
n billiard paths from x to y for M(σ̂) that are in general position.
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Note that if we make a sufficiently small perturbation of (x, y) to (x̂, ŷ)
in addition to a sufficiently small C2 perturbation of σn to σ˜, we will
still obtain n billiard paths from x̂ to ŷ in M(σ˜) that are in general
position, because we may apply a transformation T of R2 such that T
is the composition of a homothety and a rigid motion, both close to
the identity, such that T maps x̂ and ŷ to x and y, respectively, and
maps σ˜ to a curve in N . Thus there is a C2 open neighborhood N˜ =
N˜ (σ, n, , (x, y)) of (σn, (x, y)) in G0 such that for each (σ̂, (x̂, ŷ)) ∈ N˜
there are n billiard paths for M(σ̂) from x̂ to ŷ that are in general
position. Let Gn = (G \ G0) ∪ (∪>0 ∪(σ,(x,y))∈G0 N˜ (σ, n, , (x, y)). Then
Gn is a C2 open and Cr dense subset of G. Thus there exists a subset
An of Σr which is the intersection of countably many C
2 open and
Cr dense subsets of Σr such that for σ ∈ An, {(x, y) ∈ R2 × R2 :
(σ, (x, y)) ∈ Gn} is a dense Gδ subset of R2×R2. (This follows from the
proof of the Kuratowski-Ulam Theorem, as presented in Chapter 15 of
[17].) Let A = ∩∞n=1An. If σ ∈ A, then R(σ) := ∩∞n=1{(x, y) ∈ R2×R2 :
(σ, (x, y)) ∈ Gn \ G0} is a dense Gδ subset of Int(M(σ)) × Int(M(σ))
having the required property. 
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A
σ P
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σ˜ P˜
Figure 1. Changing the direction of a billiard path at A.
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Figure 2. Replacing a segment of a billiard path by a parallel segment.
